Abstract. In this paper, we prove the deformations of a compact H-twisted generalized Calabi-Yau manifold are unobstructed and L 2 convergence in a fixed neighbourhood. And if we assume that the deformation is smooth in a fixed neighbourhood, we also construct the global canonical family of the deformations.
Introduction
The theory of infinitesimal deformations of a compact Kähler manifold was introduced in [8, 12] by K. Kodaira and D. C. Spencer. N. Hitchin and M. Gualtieri introduced the concept of generalized complex geometry in [7, 2, 3] which is useful in both mathematics and physics. The deformation theory of generalized complex geometry is studied by M. Gualtieri, R. Goto and so on in [2, 6] . The concept of H-twisted was introduced by P.Ševera and A. Weinstein in [13] . In [11] , Y. Li has proved that the deformations of a compact H-twisted Generalized Calabi-Yau manifold are unobstructed in a sufficient small neighbourhood by using the K. Kodaira and D. C. Spencer's method. In this paper, we prove the deformations of a compact H-twisted generalized Calabi-Yau manifold are unobstructed and L 2 convergence in a fixed neighbourhood. And if we assume that the deformation is smooth in a fixed neighbourhood, we also construct the global canonical family of the deformations by using the parallel method in [9] . This paper is organized as follows. In Section 2 and Section 3, we introduce some basic definitions and some propositions of compact twisted generalized Calabi-Yau manifolds which we will use. In Section 4, we prove the following two propositions which will be used in constructing the deformations.
Lemma 1.1 (Inequalities on L
2 -norms). For any ρ ∈ ∧ * T where (·, ·) is the Born-Infeld inner product definite in Definition 2.7. Moreover, if Hs = 0 and ∂ * H s = 0, s is uniquely determined. In Section 5, we prove the deformations of a compact H-twisted generalized Calabi-Yau manifold are unobstructed and L 2 convergence in a fixed neighbourhood. In details, we have Theorem 1.3. Let (M, J) be a compact H-twisted generalized Calabi-Yau manifold. Then there exists a globally L 2 convergent power series which determines the deformation in t < ,
which satisfies: (1) ∂ H ǫ(t)ρ 0 + [ǫ(t), ǫ(t)] H ρ 0 = 0; (2) ǫ k 1 ···k N ρ 0 is ∂ * H -closed, and ∂ H -exact for any
.
The convergence of the deformations is proved by using the power series in Lemma 3.4.
In Section 6, if we assume that ǫ(t) smooth with convergence radius
exists, we construct the global canonical family of the deformations. We have the theorem as follows: 
where t K := (t 1 ) k 1 · · · (t N ) k N , |K| := k 1 + · · · + k N , such that (1) ρ c t := e −ǫ(t) ρ t holomorphic with respect to J ǫ(t) , (2) ρ K is ∂ H -exact and ∂ * H -closed, (|K| ≥ 1) (3) ρ t converges with radius 1 16a 2 c 2 . And we also give the representations of the global canonical family of the deformations:
where the 4th equivalence holds since
where in the first equivalence, d < A, B >= d H < A, B > since < A, B >∈ C ∞ (M), and the 5th equivalence holds since ι X (d(η ∧ρ)) = ι X (dη ∧ρ−η ∧dρ), the last equivalence holds since
We compare the two equivalence, and get the conclusion.
Step 2: For k = 0. Let ρ ∈ U 0 , A, B ∈ E, then use the formula above, we can get that
where the 2nd equivalence holds since any A, B ∈ E, we have B · A · ρ = Aρ = Bρ = 0 ∈ U −1 and we also have < A, B >= 0 since < E, E >= 0.
Then, since the action of d H changes the usual grading of the forms, we can know that
i.e. J is integral. For k = 1, i.e. ρ ∈ U 1 , we can know that BAρ = 0 ∈ U −1 . Since the action of d H changes the usual grading of the forms, we can also know that d H (U 0 ) ∩ U 0 = ∅. So we get
By induction on k, we assume that for all 0
So, since the action of d H changes the usual grading of the forms, we have
Definition 2.6 (Compact H-twisted generalized Calabi-Yau manifolds). Let (M, J) be a compact generalized complex manifold, if there exists another generalized complex structure I, such that IJ = JI, and also exists a global nowhere zero ρ 0 ∈ U 0 , satisfying
we call (M, J, I) a compact H-twisted generalized Calabi-Yau manifold.
Definition 2.7 (Born-Infeld inner products). See P3 in [3] . Let M be a compact Htwisted Generalized Calabi-Yau manifold, we can define a positive-definite metric on
And one can show that G 2 = 1. The restriction of this metric to the the sub-bundle T M is the Riemannian metric g − bg −1 b, where g is a Riemannian metric and b is a 2-form. And the volume element induced by this metric is
Next, we define the * operator by
which is a product of an oriented orthonormal basis for C + , where C + is the +1-eigenvalue
And one can also show that C + is a real space, A i =Ā i . So * is a real operator, i.e. * = * .
Then we can get
where n = dim C M. The 2nd equality holds since A i A j = −A j A i and, the 3rd equality holds since A i be orthonormal with respect to the pair < ·, · > definite in Definition 2.1. We now define the positive-definite Hermitian inner product on Γ(M, ∧ * T * M ) which we call the Born-Infeld inner product by
where < α, σ( * )β > is definite by
n(n−1)/2 A 1 ...A n , and g is the Riemannian metric b is some 2-form definite above.
And we also define the Laplacian operators by
Then one can show that △ d H , △ ∂ H , △ ∂ H are self-duality operators with respect to inner product (·, ·) and
where H is the projection onto
, and G is the Green operator corresponding to △ ∂ H .
We can also get the Hodge decomposition in twisted cohomology:
Now we restate the proof of [5] or [3] .
Step 1: Since we have two generalized complex structure I, J on M. Then we have
And
And for I, we also can get the decomposition
2n , and we denote the decomposition for J is
2n .
We denote
q . Then we have
Step 2:to show U
where the last equivalence holds since E
is line bundles, so we have
Step 3: to show U
n+k , where the 3rd equivalence holds since
Step 4: to show * φ
where the 2nd equivalence holds since
We know from P9 in [5] 
Then for any φ ∈ U p,q , we have * φ = ±e
From this, we can also get that * (U p,q ) ⊂ U p,q .
Step 5: to show U p,q is Orthogonal with respect of the Born-Infeld inner product. It is sufficient to show U p is Orthogonal with respect of the Born-Infeld inner product.
where the 1st equivalence holds since * is real, i.e. * = * , the 2nd equivalence holds since the definition of < ·, · > and (
, the 3rd equivalence holds since a i ∈Ē annihilatē ρ 0 and p > q.
Then , we have < U p , σ( * )U q > = 0 only on p = q .
Step 6: to show the two formula below which is called the Generalized Kähler identity.
where α (p,q) means the part in U p,q . The 1st, 2nd and 4th equivalence holds since U p,q is orthogonal under the product (·, ·) , the 5th equivalence holds since * (U p,q ) ⊂ U p,q .
Then we have thatδ
Similar, we have for any
Then for any φ ∈ U p,q , we can get that
where the 2nd and 3rd equivalence holds since 2.1. Similar, for any φ ∈ U p,q , we also get that
Then we have that
Step 7: we show that
Then we have
where the last equivalence holds since
Some lemmas
In this section, we review some basic propositions of compact H-twisted generalized Calabi-Yau manifolds which will be used in this paper.
where A ∈ ∧ k E * , X i ∈ E, a : E → T M is the projection which is called the anchor. Then we have the two complex are isomorphism:
is the global nowhere zero d H -closed section which is fixed and we call it the pure spinor for J. Lemma 3.2 (Formula of the Clifford actions). See [11, 10] .
Lemma 3.3 (Inequalities of Hölder norms). Let s ≥ 2 ∈ N, α ∈ R, 0 < α < 1 is fixed. Then there exist positive constants c 1 , c 2 , c 3 which only depend on s, α, H, and the manifold M itself, such that for any A, B ∈ ∧ * E * , we have
where G d E is the Green operator corresponding to △ d E , and || · || s+α means the Hölder norms definite in [8] . In details, 
So we have
by using the formula (3.1) in Lemma 3.2.
Proof.
(1) By the definition of the d E , it is sufficient to prove the inequality holds for
Since by direct computation, we have
where
H ijk is skew-symmetric with respect to i, j, k.
We also have known that H is fixed, M is compact, we can get some proper larger constant c 1 such that c 1 ≥ max{H ijk ,
So by the definition of Hölder norms, we get the 1st inequality.
(2) By the definition of the d E , it is sufficient to prove the inequality holds for
So we can get that
Thus d E is an operator of order 1 since the coefficients only has dϕ, X, dX's terms.
In the above computation, we just assume that A = X + ϕ ∈ E * ⊂ T M ⊕ T * M , and we didn't use the condition [E, E] H ⊂ E. There is another way to show d E is an operator of order 1. If we choose a basis E :
Thus, we get
Thus d E is an operator of order 1 since the coefficients only has f, df 's terms and the change of the basis not change the order of d E .
We have also known that
The 3rd equality holds since every element in C + can be represented as X +g(X)+b(X) for some X ∈ T M × R C, where g, b is definite in Definition 2.7. See [5] .
So we can get that d * E is also an operator of order 1. Since every X i , g, b is fixed, only depend on the manifold M itself, and by the definition of the Hölder norms, we can get the 2nd inequality. Since the Green operator G d E is a strongly elliptic operator just as the Green operator in Calabi-Yau case, we can just replace the vector bundle
in Theorem 4.3 in P436 in [8] , replace the local representation A =
in Lemma 5.7 at P276 in [8] , and use the same proof to get the 3rd inequality.
Lemma 3.4 (a convergent power series, Lemma 4.1 in [9] ). Let x 1 = a be a constant, and
By the assumption that S(0) :
So, by the power series expansion of √ 1 − 4cx 1 τ , we have
So we have
So we have the convergence radius of the power series S := ∞ i=1 x i τ i is 4|cx 1 |, and this power series still converges when τ = ± 
A generalized version of ∂ H ∂ H -lemma
In this section, we will prove a generalized version of ∂ H ∂ H -lemma on a compact Htwisted generalized Calabi-Yau manifold which is similar to the result in Calabi-Yau case in [9] . This lemma will be used in the next section to construct the deformations.
holds by the Lemma 4.1 above.
We now prove the uniqueness of the solution under the assumptions given. 
Deformations on a compact H-twisted generalized Calabi-Yau manifold
In [11] , it has been proved that a sufficiently small deformations of a compact H-twisted generalized Calabi-Yau manifold are unobstructed. In this section, we shall prove that the deformation can be L 2 convergence in a fixed neighbourhood by using the parallel method in [9] . ,
which satisfies:
Proof. In step 1, we recall the construction of the deformation ǫ(t), in step 2, we prove that ǫ(t) is L 2 convergence in t < 1 4ac
Step 1:
The construction of a power series solution ǫ(t) to the integrable condition has been given in [11] , here we just recall it in order to make the proof more clearly.
The integrable condition which is called Maurer-Cartan equation is:
By Lemma 3.1, we can rewrite it:
where ρ 0 ∈ U 0 is the canonical bundle. Choose a basis of H
. We now recall the construction of a power series solution ǫ(t) to the integrable condition in [11] . We write ǫ(t) in the form of
such that ǫ k be ∂ * H -closed and ∂ H -exact for all k ≥ 2. To compare the coefficients of t in the Maurer-Cartan equation, we get
Let
We show that ∂ H ψ k = 0 by induction on k.
For k = 2, we have
The last equality holds since
The 2nd equality holds by the definition of [·, ·] H and d E ; the 3rd equality is the induction; and the last equality holds since the Jacobian identity. See P21 in [2] . Next, we show that ψ k is ∂ H -exact by induction on k, and there exists an unique
Therefore, for k = 2, by using the formula (3.1) in lemma 3.2, we have
by Proposition 4.2, we can get that the equation
has the solution
is also ∂ H -exact. Since
(Since U i := ∧ i E * · U 0 and U 0 is a complex line bundle whose generator is ρ 0 , any α ∈ U i can be represented as Aρ 0 , where A ∈ ∧ i E * .) From the discussion above, we can get that H(ǫ k ρ 0 ) = 0 and ǫ k ρ is ∂ H -exact and ∂ * H -closed. Hence by Proposition 4.2, we get that ǫ k ρ 0 is determined uniquely and
For the general case of t = (t 1 , · · · , t N ), we can also give the same discussion. Comparing the coefficients of t = (t 1 , · · · , t N ) in the Maurer-Cartan equation, we get
The 2nd equality holds by the definition of [·, ·] H and d E ; the 3rd equality is the induction; and the last equality holds since the Jacobian identity.
Next, we show that ψ i 1 ···i N is ∂ H -exact by induction on i 1 +· · ·+i N = k, and there exists an unique
Therefore, for k = 2, by using the formula (3.1) in Lemma 3.2, we have
From the discussion above, we can get that H(ǫ i 1 ···i N ρ 0 ) = 0 and ǫ i 1 ···i N ρ is ∂ H -exact and ∂ * H -closed. Hence by Proposition 4.2, we get that ǫ i 1 ···i N ρ 0 is determined uniquely and
Step 2: We show ǫ(t) L 2 converges at |t| ≤ 1 4ac
. Firstly, we have
where k ≥ 2 ∈ N, 0 ≤ α ≤ 1. The 1st inequality holds since Lemma 4.1 and the last inequality holds by the definition of the Hölder norms. Lemma 3.4 and c is a constant definite in inequality (3.2) after Lemma 3.3. We set c := max{1, c} which we still denote it as c. We will show that
Secondly, we set {x
Since ρ 0 , ǫ i , s ≥ 2, α fixed, we can assume that a = max{
||ǫ ij ρ 0 || s+α .
The 1st inequality holds since Lemma 3.3, and the last inequality holds since the construction of ǫ(t) If for ≤ k − 1, the inequality above holds, for k, we have
We also need to show that
||ǫ ij ρ 0 ||.
If for ≤ k − 1, the inequality above holds, for k, we have
by formula (5.1). Hence, we get
So by the assumption that ǫ i ρ 0 is smooth on M, and △ ∂ H is a strongly elliptic operator, we can get that ǫ i 1 ···i N ρ 0 is smooth on M by the elliptic regularity theorem in [14] , and the induction on i 1 + · · · + i N = k.
(2)From P281 in [8] , we have known that ǫ(t)ρ 0 is smooth on M × △ δ for a sufficiently small neighbourhood of t ∈ △ δ .
Global canonical family
In this section, if we assume that the deformation is smooth in a fixed neighbourhood, we shall get the global canonical sections for deformations on a compact H-twisted Generalized Calabi-Yau manifold by using the parallel method in [9] .
Comparing the coefficients of t = (t 1 , · · · , t N ), we have And since ρ i 1 ···i N is ∂ * H -closed, and ∂ H -exact, we get that Hρ i 1 ···i N = 0, ρ i 1 ···i N is determined uniquely and
Step 2: We show ρ t is L 2 converges at t < 1 16a 2 c 2 . We have already known that For k = 1, we have
The 1st inequality is the induction and the formula (5.4), the last inequality holds since the formula (6.1). Hence, we get Step 3: Since ρ c t := e −ǫ(t) ρ t is holomorphic with respect to J ǫ(t) , we can get that ∂ H,t ρ c t = 0. Since ρ c t := e −ǫ(t) ρ t ∈ U 0,t is the canonical bundle in M t , where
